Abstract. An invariant of convex structures − the depth − is used to study the structure of finite median graphs. The main result is a recursive description of graphs of givend epth. This leads to a complete description of the cubical structure of the superextension λ (5) (answering a question in [19] ) and to a (less complete) description of superextensions λ(r)for r >5.A nimportant tool is the construction of certain graphs ρ(r)oflinked bipartitions of the r −point set r.F or each r ≥ 3, the graphs λ(r)and ρ(r)hav e the same number of vertices, but theyare isomorphic (modulo extreme points) for r ≤ 5only.
Introduction and Preliminaries
1.1. General Convexity. By a convexs tructure is meant a set X together with a family of subsets (called convexsets)which is closed under intersections and updirected unions. It is assumed throughout that singletons are convex.E ach set A is included in a smallest convex set co( A), the convexhull of A.Ahalf-space is a convex set with a convex complement. Note that ∅ and X are always halfspaces, called trivial.
Aconvex structure is said to have − the separation property S 4 ,p rovided that disjoint convex sets extend to complementary halfspaces.
−
Helly number ≤ n,p rovided that each finite collection of convex sets meeting n by n has a nonempty intersection. − Radon number ≤ n,provided that for each finite set F consisting of more than n points there is abipartition { F 1 , F 2 }of F with co(F 1 ) ∩ co(F 2 ) ≠∅.S uch a partition is also called a Radon partition. General references are Jamison [9] , Sierksma [14] , van de Vel [17] .
Median Graphs.
Ac onvex structure having the separation property S 4 and Helly number ≤ 2i s called median.T he name refers to the function m: X which has all the properties of a median operator (see Bandelt and Hedliková [ 2] for this).
Let G be a (reflexive)g raph. One usually considers the geodesic convexity on G,c onsisting of all geodesically convex sets. If this convexity happens to be median, then G is called a median graph. Foranintrinsic characterization, see Mulder [12] . Forinstance, if X is a median convex structure with finite segments (sets of type co{ a, b }), then there is a natural graph structure on X,the edges of which are defined as pairs a, b with co{ a, b } = { a, b }, and this graph is median. Moreover, its geodesic convexity equals the original convexity.
The simplest example − and a building block for all other examples − is a hypercube {0,1} n (henceforth called an n −cube,o rs imply a cube). Two other types of examples arise from constructions described below, and theywill be of primary concern in this paper: simplexgraphs (cf. Bandelt and van de Vel [4] ), and superextensions (cf. Verbeek [21] , van Mill [10] , van de Vel [16] ). Superextensions have been introduced as a construction in topology,and independently as ″free″ median algebras, cf. Monjardet [11] . The aim of this paper is to describe the structure of finite superextensions. A newinv ariant of convex structures − the depth − is introduced for this purpose; see Section 2. Let us briefly describe why we are interested in such a description.
In [18] it was shown that the Radon number r of a median continuum is almost completely determined by the dimension n of the underlying topological space. In fact, if r n denotes the Radon number of the solid n −cube, then r ∈ { r n , r n + 1}. See Eckhoff [ 5] for a computation of r n .T he equality r = r n + 1c an occur only for certain examples in (infinitely many) specific dimensions, among which are 1, 4, 15; see van de Vel [19] . Ac onstruction of such examples involves filling up the cubes of a median graph to solid cubes. For n = 4, the superextension λ(5)g av e the desired 4-dimensional pattern, and in dimension n = 15 the superextension λ(7)w as used. Now λ(5)h as 81 vertices, but a direct computation of its 4 −dimensional cube pattern is fairly tedious. λ(7)has over1,000, 000 elements, which is hopeless. So it was asked in [19] to describe at least the structure of λ (5) . Tothis end, we will prove that λ(5)i sisomorphic to a graph with a more transparent cubical pattern.
Let us first recall some basic techniques and results of the theory of (finite) median convex structures.
Nearest Points.
If C is a nonempty convex set in a finite median convex structure, and if b ∈ X, then there is a unique point c ∈ C such that
In these circumstances, c is called the nearest point of b in C,and we obtain a nearest-point function
We list a fewproperties of p which are of interest here; see [2] , [20] .
(1) p is a retraction (i.e., p(c) = c for each c ∈ C)and is convexity preserving (CP) (i.e., p inverts convex sets to convex sets).
(2)
If H ⊆ X is a half-space meeting C in a nonempty proper subset, then b and p(b)are both in H or are both in X \ H.
(3)
An ontrivial relative half-space K of C extends uniquely (by (1) and (2)) to a half-space of X, viz., p −1 (K ).
(4)
p maps convex sets to convex sets (this is true for anyC Ps urjection between median convex structures).
(5)
Let A, B be disjoint convex sets with nearest point functions
Then the sets A′= p A (B) ⊆ A and B′= p B ( A) ⊆ B are convex (by (4)), and the restrictions
are well-defined and mutually inverse.
Base-Point Orders and Median Semilattices.
Forthe moment, let X be any S 4 convex structure and let b ∈ X.T here is a partial order ≤ b on X defined as follows.
In a median convex structure, this so-called base-point order is defined equivalently by
cf. Sholander [15] . Here are a fewfacts concerning this order in a median structure.
(1) (X, ≤ b )i sam eet semilattice, such that each pair of points has a supremum provided it has an upper bound. Regarded as a lattice, each order interval
If F ⊆ X is a nonempty finite set of points which pairwise have anupper bound, then F has an upper bound (and hence a supremum).
As emilattice with these properties is usually called a median semilattice.I na ddition, the following properties are easily verified.
(3)
If F is a nonempty finite set included in a half-space H,and if sup (F)e xists, then it is also in H.
(4)
If Q is a cube in a median graph and if b, c ∈ Q are antipodes, then c is the supremum of all neighbors of b in Q.
Depth
2.1. Definition. Let X be a convex structure. The depth of X is defined to be the largest possible length of a chain of nontrivial half-spaces. It is reasonable to require that X satisfies the separation property S 4 .T he following types of examples are instructive.
(1) The n −cube {0, 1} n is a basic example of a median graph. For n = 0wejust have a singleton, which is the only median graph of depth zero. So let n >0.T hen the nontrivial half-spaces are exactly the (n − 1) −faces, which only allowt of orm chains of length one. Conversely,i f G is a finite median graph of depth one, then every nontrivial half-space is both maximal and minimal, which implies that G is a cube (Isbell [8] ; van de Vel [19] ).
More generally,let G be a finite median graph, and let H ⊆ G be a minimax half-space, that is, H is a nontrivial half-space which is both minimal and maximal. By using the nearest-point projection p: G → H and the natural CP function q: G → {0,1}w ith q(x) = 1i ff x ∈ H,w ea rrive ataC P function
which is easily seen to be an isomorphism. If H 1 ≠ H, G \ H is another minimax half-space, then H 1 ∩ H is a relative minimax half-space of H.C onversely,arelative minimax half-space of H can be turned into a minimax half-space of the original space by taking its inverse image under the nearestpoint projection. Hence the process of splitting offafactor {0, 1}can be repeated until one eventually arrivesataproduct of a cube with a median graph having no minimax half-spaces.
(2) By a simplex in a graph is meant a finite set of pairwise adjacent vertices. Note that the empty set is always a simplex. For a giveng raph F we let σ (F)d enote the set of all simplices. Tw o members of σ (F)form an edge provided theydiffer in at most one point. The resulting graph is called the simplexg raph of F;i ti sa lways a median graph. See Bandelt and van de Vel [4] , where it was also shown that the non-trivial half-spaces of σ (F)are precisely the sets of type
for v avertexof F,and their complements.
Lemma. An on-trivial half-space of a finite median graph is minimal iffi td oes not include a maximal cube.
Proof. Let H be a nontrivial half-space of the median graph G,l et p: G → H be the nearest-point function, and let Q ⊆ H be a cube.
. By Section 1.3(4), the set p(G \ H)i sc onvex and hence there is a half-space
By Section 1.3(2) we find that H 0 does not meet G \ H either,so H 0 ⊂ H and hence H is not minimal.
Case II: Q ⊆ p(G \ H).
Let H′=G \ H and let p′: G → H′ be the nearest-point projection. By Section 1.3(5) we obtain a copy Q′= p′(Q)i n H′.A s H, H′ partition G,w efi nd that each pair x, p′(x) with x ∈ Q must be an edge. So we have two isomorphic copies of a cube in G,and each pair of vertices corresponding under the isomorphism forms an edge. It easily follows that Q ∪ Q′ is again a cube in G,and hence that Q is not maximal.
This shows that a minimal half-space neverincludes a maximal cube. As to the converse, let H 0 be anon-minimal half-space of G,say,there is another half-space H 1 ⊂ H 0 .P ick a vertex v ∈ H 1 and let Q be a maximal cube of G containing v.N ote that Q ⊆ / H 1 ,and that Q meets H 0 ,whence by the Helly property we find that Q meets H 0 \ H 1 .N ow Q must be included in H 0 ,for otherwise H 1 , H 0 induce a chain of nontrivial relative half-spaces of Q,contrary to the fact that cubes are of depth one.
Proposition. Afinite median graph is a simplexgraph iffthereisavertexwhichiscommon to all maximal cubes.
Proof. Let G = σ (F)for some graph F.T hen the desired vertexis ∅.I ndeed, the vertices of a maximal cube are the subsets of a clique (maximal simplex) of F;see Bandelt and van de Vel [4] .
Conversely let G be a finite median graph with a vertex v 0 contained in all maximal cubes. A graph F with σ (F) = G is obtained as follows. Its vertices are the proper neighbors v of v 0 ,a nd two distinct neighbors form an edge in F provided theyb elong to a square (4 −cycle) in G.C onsider the function
where the supremum refers to the base-point order of v 0 .I nparticular,s up (∅) = v 0 .
To see that f is surjective,l et w ∈ G and consider a maximal cube Q ⊆ G containing w.T hen Q contains v 0 ,and the segment Q′=co{ v 0 , w }isasubcube. Let S be the set of proper neighbors of v 0 which are in Q′.T hen by Section 1.4(4) we find that w = sup (S).
To see that f is injective,let S 1 ≠ S 2 be simplices of F,and takeavertex v in, say, 
where the right-hand set is a half-space of σ (F).
We note that this ″central″ vertexn eed not be unique. Actually,t he set of all central vertices is a cube, and anyt wo ofi ts vertices can be separated by a minimax half-space. Therefore, this cube serves as a direct factor of the givengraph by virtue of a remark in 2.1.
The next result provides a recursive description of depth involving central convex sets.
Theorem. Afinite median graph G has depth k ≥ 2 iffthereisaconvexset C ⊂ Go fdepth k − 2 meeting eachmaximal cube of G. All convexsets C minimal with respect to this property areisomorphic.
Proof. Let G be of depth k ≥ 2, and consider a maximal chain of nontrivial half-spaces
Then H 1 and G \ H q are minimal half-spaces of G,which we regard as the left and right layers of the chain. Note that ″left″ and ″right″ interchange when passing to the chain of complements. Aconvex set C ⊂ G with the desired properties is obtained as follows. For each maximal chain of half-spaces of length q >1 wew ish to remove the left and right layers from G,a nd for each pair of complementary minimax half-spaces we wish to remove exactly one of them. The resulting complementary sets are convex and theymeet twobytwo,asone can easily verify.H ence their intersection is anonempty convex set C by the Helly property.
Let Q ⊆ G be a maximal cube, and suppose that Q ∩ C =∅.T hen there is a half-space H of G with
Then H is not minimal by Lemma 2.2, and it is not maximal either,s ince otherwise its complement would have been removed. Hence H meets the complements of the removedl ayers of each maximal chain as well as each minimax half-space, and by the Helly property it will meet C,acontradiction.
To see that the depth of C is at most k − 2, consider a maximal chain of relative non-trivial halfspaces of C.A fter taking inverse images under the nearest point projection G → C,weobtain a chain of nontrivial half-spaces in G,and by (3) of Section 1.3 we find that this chain is maximal between its smallest and largest element. Amaximal extension in G of our chain just involves the addition of perhaps a fewinitial or final members. If the extended chain were of length one, then it would consist of aminimax half-space of G which intersects C properly,acontradiction. So this chain is of length > 1, and in constructing C we stripped offits left and right layers. Hence the original chain in C can have length at most k − 2.
On the other hand, let C be a convex set of depth l meeting each maximal cube of G,and let Returning to our previous construction of C,wecan nowconclude that the depth of this set is precisely k − 2. Wen exts howt hat this set C is minimal with respect to the property of meeting every maximal cube. Let C′⊂C be nonempty and convex,and consider a half-space H ⊇ C′ missing some point of C.T hen G \ H cannot be a minimal half-space, and by Lemma 2.2 it includes a maximal cube which misses C′.O nt he other hand, let C be a minimal set as described in the Theorem. If H is a minimax half-space meeting C,a nd if Q is a maximal cube of G,t hen the sets Q, C, H have a common point by the Helly property,a nd it follows from the minimality of C that H ∩ C = C.I f H is a minimal half-space such that G \ H is not minimal, then the latter includes a maximal cube, and by an argument as before, this cube also meets C \ H.H ence C ∩ H =∅ by the minimality of C.T hus each minimal central convex set is obtained by stripping offall minimal half-spaces the complement of which is not minimal, and by taking awayo ne element of each pair of complementary minimax halfspaces.
In the presence of minimax half-spaces, the giveng raph can be decomposed as a product of a median graph G′ with some cube Q,such that G′ has no minimax half-spaces. According to the previous argument, G′ has a unique minimal central convex set, C 0 say.T hen each central minimal convex set of G is of type C 0 × { v }, where v ∈ Q,and these sets are clearly isomorphic.
It follows from Proposition 2.3 and Theorem 2.4 that the simplexg raphs are exactly the median graphs of depth ≤ 2. Another consequence is the following result.
Corollary. Let G be a finite median graph and let a, b ∈ G. Then the minimal length of a chain of cubes joining aand b equals the depth of co{ a, b }.
Proof. First, suppose that a and b can be linked with a chain of n cubes. Every half-space separating between a and b must separate one of these cubes. As each cube has depth 1, it follows that every properly increasing chain of half-spaces separating between a and b can have atmost n members.
This shows that the depth of co{ a, b }i sa tm ost the minimal length of a cube chain joining a and b.T he converse is established by induction on the depth k of the segment co{ a, b }. For k = 1, we find that a, b are in a common cube. So let k >1.B yT heorem 2.4, there is a convex subset C ⊆ co{ a, b }o fd epth k − 2a nd meeting every maximal cube in co{ a, b }. Then choose twom aximal cubes Q, Q′⊆co{ a, b }c ontaining a and b respectively,a nd take u ∈ Q ∩ C, v ∈ Q′∩C.T he depth of co{ u, v } ⊆ C is at most k − 2, and by the inductive hypothesis there is a chain of at most k − 2cubes linking u to v.T herefore, a and b can be joined with a chain of at most k cubes.
Chains of cubes actually correspond to paths in an appropriate graph G ∆ associated with G.
Namely,let G ∆ be the graph having the same vertexset as G,where twov ertices are adjacent iffthey belong to a common cube of G.T he depth of G is the maximal depth of a segment of G,a nd hence equals the diameter of G ∆ by virtue of Corollary 2.5.
The Helly property of convex sets in G translates to the Helly property of metric balls in G ∆ .T he metric ball with center va nd radius r consists of all vertices x at distance ≤ r from v.R ecall (cf. Quilliot [13] ) that a graph is a Helly graph iffe ach finite collection of pairwise intersecting metric balls has a nonempty intersection. The clique graph κ (F)ofagraph F has the cliques of F as its vertices and pairs of intersecting cliques as edges. Regarded as sets, the cliques of G ∆ are identical with the maximal cubes of G.T his is so because a set consisting of vertices which are pairwise contained in cubes is already included in a cube (see Proposition 3 of Bandelt [1] ). Hence κ (G ∆ )c an be regarded as the intersection graph of the maximal cubes of the median graph G. It is shown by Bandelt and Prisner [3] that the clique graph of a Helly graph is again a Helly graph, whence κ (G ∆ )i sa lso a Helly graph. In fact, by adapting the first part of the proof, one can directly showt hat for each (maximal) cube Q in G the set of all vertices linked to Q by a chain of at most r cubes is a convex set.
Proposition. Fo reachfinite median graph G,the graphs G
Note that because of a trivial cardinality reason, not every Helly graph (e.g., a triangle) is of the form G ∆ for some median graph G.W ed on ot know, howev er, whether every Helly graph is of the form κ (G ∆ )for a suitable median graph G.
The iterated clique graph κ (κ (G ∆ )) relates to the minimal central convex sets described in 2.4.
Since the cliques of G ∆ (i.e., the maximal cubes of G)hav e the Helly property,one obtains an isomorphic copy D of κ (κ (G ∆ )) within G ∆ as follows; see Escalante [7] (cf. 
The structureofsuperextensions

Superextensions λ(r).
A linked system in a set X is a collection of pairwise intersecting subsets of X.W el et λ(X )d enote the set of all maximal linked systems (mls's)i n X.F or instance, for each point p ∈ X the family
is an mls. The resulting function l: X → λ(X )isinjective,and we will identify X with l(X). If A ⊆ X then A + denotes the set of all mls'sc ontaining A as a member.T hen λ(X )i se quipped with the coarsest convexity turning each set of type A + convex.T his convexity is median, cf. van de Ve l [16] , and the resulting convex structure λ(X )iscalled the superextension of X. We will concentrate on the special case where X is the standard r −point set, henceforth denoted by r.T he half-spaces of λ(r)a re exactly the sets of type A + described above.N ote that the original points occur as the extreme points (points with a convex complement) of λ(r), cf. [17] . The number of elements in λ(r)i so bviously finite; for r ≤ 7, these values have been computed by Verbeek [21] . As observed in Definition 1.2, it follows that λ(r)isalso a median graph. However, this graphic structure is obtained indirectly,and is difficult to compute explicitly. By using the above description of half-spaces, it follows immediately that the depth of λ(r)is r − 1. We will rather be interested in the convex subset λ * (r)o f λ(r), obtained by deleting the r extreme points of λ(r). This amounts to neglecting all singleton half-spaces of λ(r)a nd their complements, yielding that the depth of λ * (r)is r − 3. It has been shown in [19] that
Forlow values of r the situation is as follows. r = 3: depthλ * (3) = 0, and hence λ * (3)isasingleton. r = 4: dimλ * (4) = 3; depthλ * (4) = 1. Hence λ * (4)isa3−cube. r = 5: dimλ * (5) = 4; depthλ * (5) = 2. Therefore, λ * (5)isasimplexgraph; more precise information is in Table 1 and in Proposition 3.3 below. r = 6: dimλ * (6) = 10; depthλ * (6) = 3, so λ * (6)has a central cube which is met by all other maximal cubes. This central cube turns out to be the unique 10 −dimensional cube (cf. Table 2) . r = 7: dimλ * (7) = 15; depthλ * (7) = 4, so λ * (7)has a central convex set which is a simplexgraph. 
Graphs ρ(r)
of Linked Bipartitions. Let P(r)d enote the set of all bipartitions of the standard r −set, r.R ecall that a subfamily of P(r)is linked provided every twosets coming from distinct partitions have a nonempty intersection. Ve rbeek [21, pp.29-30] showed that there is a bijection between λ(r)a nd the set of all possible families of linked bipartitions of r,and he used this correspondence to do some counting in superextensions.
Tw o members of P(r)form an edge provided theyare linked. Then the graph ρ(r)isdefined to be the simplexg raph σ (P(r)). Verbeek'sr esult states that #λ(r) = #ρ(r). Note that a ″1v ersus r − 1″ partition is linked to no other bipartition, and hence in ρ(r)w eo btain r vertices which are linked to the central vertexo nly.T he convex subset obtained by omitting these r vertices will be denoted by ρ * (r), in analogy with the notation for superextensions. Similarly,w eu se P * (r)t od enote the set of nontrivial bipartitions. Let us takeacloser look at ρ * (r)for lowvalues of r. r = 3: No nontrivial partitions; P * (3) =∅and hence ρ * (3)isasingleton. r = 4: There are three fifty-fifty partitions and theya re all linked. Hence P * (4)i sa3−point simplexand ρ * (4)isa3−cube. r = 5: There are ten ″2versus 3″ partitions, and theyare determined by their 2 −set components. Foradirect description of P * (5), note that two2−sets form an edge ifftheyintersect. Hence P * (5)is the complement of the well-known Petersen graph.Alist of type {1,2}, {1, 3}, {1, 4}, {1, 5} yields a 4 −simplexo f P * (5), corresponding to a 4 −cube of ρ * (5). The role of ″1″ can of course be taken by 2, 3, . . as well, and no other 4 − (or higher dimensional) cubes can be formed. Moreover, two lists of the above kind share only one element. Thus we arrive atatotal of fivedistinct 4 −dimensional cubes in ρ * (5), which intersect pairwise in an edge. As for the general case, the Erdös-Ko-Rado Theorem (cf. [6] ) implies that a maximal simplexi n P(r)can have atmost
manyvertices. Hence ρ * (r)and λ * (r)hav e equal dimension. The median graphs λ(r)a nd ρ(r)h av e ar ather similar cube pattern as the next result will show. We let Q(G)denote the collection of all cubes in G of dimension ≥ 1. If v is a vertexof G,then Q v (G) is the subset of Q(G)consisting of all cubes containing v. Proof. Let Q ⊆ λ(r)b eac ube of dimension n ≥ 1. It has n pairs of opposite faces, and by Section 3.4(1), each pair inverts to a pair of complementary half-spaces under the nearest-point projection λ(r) → Q. As indicated in Section 3.1, the latter pair corresponds to a partition of r.D istinct face partitions are linked, and it follows that the corresponding partitions of r are linked as well. So Q leads to an n −simplex S of P(r), which in turn givesan n −cube of ρ(r)oftype 2 S ,containing the vertex ∅.T his cube is defined to be q(Q), completing the definition of the operator q.N ote that statement (i) is valid by construction.
The surjectivity of q follows from a procedure of [19] to construct cubes from linked partitions. We giv e ab rief description of it. Suppose for each i = 1, . . , n we have a partition A i,0 , A i,1 of r,a nd that these partitions are linked. For each function f : r → {0,1}there is a convex set
There is a smallest convex set Q in λ(r)meeting all sets of type C( f )for f : r → {0,1}, and this set is ac ube. It is easily seen that the partitions A i,0 , A i,1 for i = 1, . . , n are exactly the ones arising from the various face partitions of Q.
We nextv erify that q is injective ont he set of maximal cubes of λ(r). Together with (i), this suffices to see that q is a bijection of the respective sets of maximal cubes. Let Q 1 ≠ Q 2 be maximal cubes of λ(r). Choose ap air of mutual nearest points of these cubes, and then replace each point by its antipode in the corresponding cube. The resulting points are, say, v 1 ∈ Q 1 ,a nd v 2 ∈ Q 2 .T hen co{ v 1 , v 2 }i ncludes both givenc ubes, and v 1 ∈ / Q 2 by the maximality of Q 1 .W eo btain a half-space H with
We may assume that H is minimal with respect to this property.T hen H induces a relative minimal half-space of the segment co{ v 1 , v 2 }, whence H partitions Q 1 by Lemma 2.2. This leads to a partition of r which is involved in q(Q 1 ), but not in q(Q 2 ).
We finally verify (ii). Let Q 1 ,..,Q k for k >1 becubes of λ(r)m eeting in a nonempty subcube Q of dimension n.F or each i,let P i be the list of linked bipartitions associated with the face partitions in Q i .W efirst assume that n ≥ 1. In the common subcube Q we have n pairs of opposite (n − 1) −faces, which by the uniqueness property mentioned in §1. Proof. The cases r = 3, 4 have been treated explicitly in 3.1 and 3.2. For r ≥ 6w efi nd that λ * (r)i s not a simplexg raph because its depth is ≥ 3, and hence ρ * (r) ≈ / λ * (r). Wec oncentrate on r = 5. There are 10 different ″2v ersus 3″ partitions in 5,each of which can be described by its 2 −point set. If i ≠ j then we write ij instead of { i, j }. For each i = 1, . . , 5, the list P i = { ij | j ≠ i } describes four mutually linked partitions, and hence it corresponds to a vertexof(a4−cube of) ρ * (5). Consider a ″2versus 3″ partition of these points, say:
{ P 1 , P 2 }and { P 3 , P 4 , P 5 }.
In the notation of 2.1, we have a half-space H(12) of ρ(5)c ontaining the vertex1 2( explicitly,1 2 denotes the single partition of 5 determined by the set 12 and its complement). Then by definition, P 1 , P 2 ∈ H(12); P i ∈ / H(12) for i = 3, 4, 5, and it follows that the above partition is not a Radon partition. Formally,wecan attach a newvertex i to ρ(5)a t P i for each i = 1, . . , 5, in such a way that in the extended median graph ρ′(5), these new points act as extreme points. It follows from the above argument that { 1, . . , 5 }has no Radon partition at all, and hence the Radon number of its convex hull C in ρ′(5)i sa tl east 5. Then by a ″universal″ property of superextensions, cf. van de Vel [19] , there is an embedding f : λ(5) → C. Now C is missing at least the fivev ertices which describe a single ″1v ersus 4″ partition of 5,a nd it contains fiven ewly added vertices instead, whence by the information in Section 3.2, #C ≤ #ρ(5) = #λ(5). It follows that C \ {1,..,5 } = ρ * (5)a nd that f : λ(5) ≈ C.T he desired result follows if we drop the fiveextreme points in each structure. Table 1 provides detailed information about the cubical pattern of λ(5). Imagine ten edges starting at a central vertex ∅.T heir endpoints are grouped into fives ets of four vertices, meeting twob yt wo in one point (up to permutation, there is only one way to do this). Each group generates a 4-cube. For each triple of 4-cubes, the three edges that are shared by twoo ut of three cubes generate a 3 −dimensional cube. So far,w eo nly got λ * (5). The graph ρ(5)i sn ot of direct use to see where the five extreme points of the superextension should be attached. As the hull of these points must be the whole superextension, it appears that the only possible attaching points are the fiveantipodes of ∅ in the various 4-cubes.
